Abstract: We propose a new doorway to study the interplay between equations of state of dense matter and compact stars in gauge/gravity correspondence. For this we construct a bulk geometry near the boundary of five-dimensional spacetime. By solving a constraint equation derived from the bulk equation of motion together with the TolmanOppenheimer-Volkoff equation, we determine the equations of state for compact stars. The input parameters in this study are the energy density and pressure at the center of the compact objects. We also study how the equation of state depends on the parameters.
Introduction
The equation of state (EOS) of dense matter finds its pivotal importance in various physical systems such as compact astrophysical objects and atomic nuclei. Using a given EOS of dense (hadronic) matter, we can determine the mass and radius of a neutron star by solving the Tolman-Oppenheimer-Volkov (TOV) equations. Or, using the observed mass and radius of a neutron star, one can constrain the EOS of dense matter [1, 2, 3] . Ultimately, one can explore the one-to-one correspondence between an EOS of dense matter and a mass-radius relation of a compact star.
Recently there have been several interesting attempts based on AdS/CFT [4, 5, 6 ] to understand compact stars [7, 8, 9, 10] , self-bound dense objects such as atomic nuclei [11, 12, 13, 14] , and a two-dimensional plasma ball [15] .
In this work, we try to understand the compact stars in gauge/gravity duality. Since one essential feature associated with the compact star is the gravitational force, one has to construct field theory coupled to gravity. However, the AdS/CFT is achieved by taking the decoupling limit where the gravity is completely decoupled from a boundary field theory system. Therefore, one has to properly introduce the boundary gravity to any constructions for gravitationally bound compact stars. Such a construction can be realized through an effective action
where W CF T [g (0) ] is the generating functional of the connected Green's functions for conformal field theory (CFT) with the boundary metric g
µν and G 4 is the four-dimensional Newton constant. The dots denote higher derivative curvature terms. A well-established way to obtain an effective action of a boundary field theory system coupled to gravity in AdS/CFT is to introduce a finite UV-cutoff to the CFT system 1 . The cutoff defines an effective four-dimensional Newton constant along with other parameters from five-dimensions. This generalization of the AdS/CFT correspondence has been studied in [17, 18] , see [19] for a recent review. We will provide this kind of example in appendix A.
With the generalized AdS/CFT (or gauge/gravity) duality at hand, we try to build up a holographic model in which conformal field theory interacts with the boundary gravity and possibly uphold a stellar object. For this, we take a simple ansatz for the bulk metric and the bulk matter field. Then, we solve the bulk equations of motion near the boundary in Fefferman-Graham coordinates. Our strategy to deal with the holographic perfect fluid stars is to put perfect fluid star metric as a boundary metric and find the corresponding bulk geometry near the boundary of five-dimensional spacetime. In this procedure, we obtain a constraint from the bulk equation of motion. The constraint together with the TOV equations will determine the EOS of a dense matter. As it is, this observation stands quite opposite to a standard method in which an EOS is an input to solve the TOV equations. Mathematically, it is quite obvious that we could fix the EOS with the additional constraint from the bulk. However, physically it is not clear how the constraint from the extra dimension could affect the EOS in four-dimensional spacetime. With our results at hand, we study the interplay between equations of state of dense matter and perfect-fluid stars and classify sets of our model parameters. The values of our model parameters are specified at the center of a the perfect-fluid star. We also consider a case in which we impose boundary conditions at the center and at the surface of the perfect-fluid star.
This paper is organized as follows. In section 2, we briefly review compact stars. In section 3, we consider the simplest case in a holographic approach, the pure gravity system in the bulk, and we explain our assumptions and ansatz for the perfect-fluid star. In section 4, we generalize the simplest case by adding a bulk scalar field. We then show that this modification makes more realistic configuration possible. In section 5, we make a brief summary of our present study and provide some future extensions. In appendix A, we review a construction for conformal field theory coupled to gravity studied in [18] .
Compact stars in a nutshell
The formation of a (gravitationally bound) star is mainly governed by two forces: gravitation and thermal/degeneracy pressure generated by the matter inside the star. In the case of compact stars, the degeneracy pressure is dominated by neutrons (neutron stars) and by electrons (white dwarfs). Note that the energy of the white dwarfs is dominated by nuclei. The force balancing between the gravitational collapse and the internal pressure leads to a basic structure equation for stars, see figure 1 , where AdP denotes a net force on the mass element due to the pressure difference dP . Since dm = ρ(r)Adr, we obtain the equation of hydrostatic equilibrium, for instance see [20] ,
m(r) is the mass interior to a radius r, m(r) = r 0 ρ(r ′ )4πr ′ 2 dr ′ . From this, we derive
Note that we do not distinguish the matter density from the energy density (= matter density × c 2 ) since we take c = 1, where c is the speed of light. The treatment in the above is valid in the Newtonian limit. A gravitational effect, however, is well-described by general relativity. So we move onto a solution of the Einstein equation that is essential to study a static star with spherical symmetry, see [21] for more details. For a static spherically symmetric stellar object, the natural and obvious metric ansatz is
where dΩ 2 2 = dθ 2 + sin 2 θ dφ 2 . With this ansatz we solve the four-dimensional Einstein
Here, we make an assumption that the matter inside the star is perfect fluid. Then, the energy-momentum tensor can be written as 
The relativistic extension of hydrostatic equilibrium is derived from the conservation law of energy-momentum tensor.
Inserting (2.10) into above equation, we arrive at the TOV equation 12) which is the general relativistic extension of (2.2). To solve the equations, (2.2) (or (2.12)) and (2.3), one generally needs to impose two initial conditions at r = 0, m(0) = 0 and ρ(0) = ρ c , and the EOS, P = P (ρ). Usually one has to solve the equations numerically, but there are several analytic solutions. The simplest analytic solution is the uniform density star, ρ(r) = ρ c . In this case, the corresponding inner pressure is given by, see [21] for instance,
Another interesting analytic solution is so called Tolman VII solution:
where ρ c is the central density and R is the radius of the star. The corresponding pressure is given as an analytic form. Since it is too complicated, we will not show the pressure here. For a summary of the analytic solutions, we refer to [1] . Outside of the star, the density ρ(r) and pressure P (r) vanish since there is no matter. Then, from the equation (2.8) we can see that m(r) becomes a constant. When we integrate the equation (2.10) with the condition P (r) = 0 and m(r) = m(R) = M , it requires a boundary condition f (∞) = 0 since the metric should be asymptotically flat. Then, the final form of the exterior metric is
This is known as the Schwarzschild metric. From now on, we will set G 4 = 1.
Uniform density stars
We start by considering the five-dimensional vacuum Einstein equation with a negative cosmological constant.
From the result in [22] , one may bring the general behavior of the bulk metric in the Feffermann-Graham coordinate as
where
We confirmed that the coefficients of z and z 3 are identically zero. In general, there can be a logarithmic term in this expansion. This logarithmic term contributes to a scheme dependent part of the boundary energy-momentum tensor, and we will neglect this term for simplicity. Mathematically, this choice restricts g µν (x, z) to be the polynomial function of z near the boundary of the AdS space. Since we are going to describe a static spherically symmetric stellar configuration, we take the following ansatz for the metric.
where r is the radial coordinate of the boundary space. Now, we are ready to solve the bulk Einstein equation (3.1) near the boundary. Putting the metric ansatz into the Einstein equation, we obtain differential equations of g (n)
µν with respect to r. In the leading order of the expansion near the boundary, O(z 0 ), all the non-trivial components of g (2) µν can be determined in terms of g
This is the same result with the one in [22, 23] . The equations obtained in the nextto-leading order, O(z 1 ), are trivially satisfied with the relation in (3.5). Since we are interested in a starlike object of the boundary system, we need to deform the boundary metric. Without loss of generality, we consider the static spherically symmetric metric discussed in the previous section,
and g
Using this ansatz, the expression in (3.5) is given as follows.
Considering the equations in the next-to-next-to-leading order, O(z 2 ), we obtain a constraint for the boundary metric. The constraint has a little bit complicated form:
In general, it is not easy to solve this equation since it is hard to impose suitable boundary conditions. To make this equation in a more tractable form, we constrain our system further to consider perfect fluid stars. In order to describe them, we put the following restriction on our metric as briefly summarized in the previous section, see [21] for details.
where ρ(r) and P (r) are the energy density and pressure of a perfect fluid star. Exploiting the above equations, we rewrite (3.10) in a much simpler form
Now one can numerically solve (3.12), (3.13) and (3.14) with the following boundary conditions: the value of the pressure and the energy density at the center of the perfect fluid star. Note that m(0) = 0 by construction. An example of such solutions is given in figure 2 . The example is a well-known uniform density star of the four-dimensional Einstein gravity in flat spacetime. This configuration does not show interesting structure. However, it is not a meaningless result in the following sense. This simple analysis demonstrates that our five-dimensional bulk construction near the boundary does constrain the four-dimensional gravity system, making it possible to determine the EOS and to study properties of the perfect fluid star. Before we move to a realistic case, we discuss a bit more on the uniform density solution. Though it is difficult (or almost impossible) to solve the coupled non-linear differential equations analytically, we can study the behavior of the uniform density solution analytically near r = 0 thanks to the regularity condition at the center. From the relation (3.12), ρ(r) can be replaced with m(r) as ρ(r) = m ′ (r)/(4πr 2 ). Furthermore, considering the regularity of ρ(r) at r = 0, one can impose the boundary conditions, m ′ (0) = m ′′ (0) = 0. Now, we will expand P (r) and ρ(r) through Taylor series around r = 0. Here, we focus on (3.14),
To satisfy the equation, it is clear that m (4) (0) = m (5) (0) = 0, also m (6) (0) = 0. Inserting these values into the original expression and performing the similar process repeatedly, we can see the higher-order derivative values of m(r) at r = 0 vanish except m (3) (0) = 8πρ(0). This almost excludes possibility that all derivative terms of ρ(r) do not vanish at r = 0, and thus we may take ρ(r) = ρ(0) = const. Here the word "almost" means that we didn't check if all the n-th higher-order derivative of m(r) vanish at r = 0.
Non-uniform density stars
Since the previous result is too simple to describe realistic compact stars, we try to improve the situation by introducing a bulk matter field. It is natural to expect that this matter field will lead non-uniform energy density since it will contribute to a r-dependent boundary action. It is obvious from (3.13) that the pressure will change (decrease) with the radius r. For simplicity, we consider a bulk scalar 2 and choose its bulk mass as m 2 φ = −3/L 2 . The Einstein equation we have to solve is now
1)
Here we put the five-dimensional gravitation constant G 5 into the scalar field φ. In addition, we should solve the following equation of motion for the bulk scalar field
Now, we take an ansatz for the bulk scalar field.
Similar to the metric expansion, the logarithmic term is neglected. The form of the metric is the same with (3.3) near the boundary. Using these ansatz, one can solve the equations, (4.1) and (4.3), perturbatively for small z. For the matter part, we obtain (4.5) for φ 1 and (4.6) instead of (3.10).
As we did in the previous section, we consider perfect fluid star configurations, and so we adopt the relations in (3.11), (3.12) and (3.13). Then, the two equations, (4.5) and (4.6), become much simpler,
To solve the equations, (3.12), (3.13), (4.7), and (4.8), we need to impose three boundary conditions at r = 0: ρ(0) = ρ c , P (0) = P c and φ 1 (0), 3 together with regularity condition at the center of the object. Here φ 1 (0) has no significant physical meaning at this stage, but it may be associated with the energy density on the surface of our spherical objects, see below for more on this. An example of the solutions is given in figure 3 , where we choose ρ c = 2.5713×10 9 MeV 4 , P c = 3.2141×10 8 MeV 4 and φ 1 (0) = 0.2703. In order to have some idea about corresponding baryon number density at the center of the star, we resort to the pressure-baryon density plot in [24] and find that our chosen P c corresponds to roughly 3.5 times the normal nuclear matter density. In [24] , based on the recently determined massradius relation of neutron stars, the pressure of cold dense matter is measured. In this way, we can obtain various EOSs once we specify the three values at the center of the compact stellar object. However, among the three, the value of φ 1 (0) is entirely arbitrary. To remove this arbitrariness and to reduce the number of input parameters, we assume that the energy density at the surface ρ(R) is zero. In this case, we can read off the value of φ 1 (0) from our solutions. In general, the surface density is much smaller than the central density, and therefore our assumption is a plausible leading order approximation. Then, our parameter space becomes two dimensional parameterized by the central values of the energy density and the pressure (ρ c , P c ). Though the physical meaning of our inputs is now clear, we still have an ambiguity since we have no rigorous way to relate ρ c to P c . For illustrative purposes, we choose P c = αρ c with α = 1/3, 1/4, 1/5, 1/6, 1/8. The resulting mass-radius relation is summarized in table 1. For every point in the parameter space, we can find the corresponding equation of state. This means that a set of central density and pressure defines a unique equation of state. For instance, we demonstrate the energy density, the pressure and the equation of state for ρ c = 2.5713 × 10 9 MeV 4 and P c = 3.2141 × 10 8 MeV 4 in figure 4 . In this case, we obtain φ 1 (0) = 0.2704 from our solutions. Now we try to understand the physical roll of φ 1 (0). If we change the value of φ 1 (0) above, we will obtain a star configuration with different surface energy densities. Thus, with given values of the central density and pressure as the boundary condition, φ 1 (0) is closely tied to the surface energy density. This does not necessarily imply that φ 1 (0) is physically tied to the surface energy density. For instance, if we use the surface energy density and the central pressure as the boundary condition, then φ 1 (0) will be related to the central density. Therefore, within our framework, it is hard to put some physical meaning on φ 1 (0). In terms of the holographic QCD, one may say that φ 1 (0) is nothing but the quark mass at the center of the star by the AdS/CFT dictionary and φ 1 (r) is an effective density-dependent quark mass since the density varies with the radius of the compact star. Before closing this section, we give a remark on the EOS obtained in this study. In a usual approach to calculate the mass-radius relation, one adopts an EOS from various studies in flat spacetime with no general relativistic effects and then solve the TOV equation. Though it is obvious, we remark here that this standard approach, TOV equation with flat EOS, is perfectly consistent with general relativity. In our case, we solved the TOV equation together with the constraint from the bulk to obtain the EOS. In this sense we can argue that our EOS includes the effect of general relativity (or gravity). 
Summary
In this work, we investigated stellar configurations in gauge/gravity correspondence to study perfect fluid stars. For this, we have considered holographic dual of a boundary field theory system coupled to gravity. To retain the gravity degrees of freedom, we introduced a finite UV-cutoff that defines the four-dimensional Newton constant. With the assumption that the energy density at the surface is zero, we determined the EOS and mass-radius relation of a compact star, once the central values of the energy density and pressure are specified. An ambiguity in this case is that the central values of the energy density and pressure are not correlated each other. In this study, the EOS is not an input to solve the TOV equation, but the output of our analysis together with the corresponding mass and radius of a star. So far, we analyzed the bulk metric only near the boundary. To explore the full bulk metric, we have to solve partial differential equations with appropriate boundary conditions. Our study could be very important information for the boundary data. In future, we will seek a complete solution for the bulk metric that covers whole bulk space. Another possible extension is to generalize our ansatz. Since the generalization can affect directly energy-momentum tensor, stars can have interesting structure even in the pure bulk gravity case. A study with a more general ansatz for the bulk metric is relegated to a forthcoming publication.
where γ is the induced metric at the boundary of AdS space and W CF T [γ] denotes the generating functional for connected Green's functions. δG and ϕ are path-integral measures. The action for the five-dimensional gravity theory is given by
where the five-dimensional metric can be decomposed into
and the range of coordinate z is z 0 < z < ∞ with z 0 ≪ L. The UV-cutoff Λ is related to z 0 (∼ 1 Λ ). The first term of (A.2) is the the well-known Einstein-Hilbert action with the cosmological constant, and the second term is the Gibbons-Hawking term. The other terms are introduced by holographic renormalization as follows. 4
These are counter terms needed to cancel divergence in the Einstein-Hilbert action and the Gibbons-Hawking term. On the other hand, in view of four-dimensional boundary theory, these terms can be interpreted as follows. S 1 is just four-dimensional cosmological constant, and S 2 is four-dimensional Einstein-Hilbert action. S 3 could be interpreted as higher derivative corrections with coupling that depends on the cutoff scale. Actually, it is proportional to the conformal anomaly. Now, let us turn to the RS-II model, which is defined as,
where S EH and S GH are the Einstein-Hilbert action with cosmological constant and the Gibbons-Hawking term as in the previous case. In addition, a brane exists at z = z 0 and the 2S 1 gives its tension,
The model has confined matter on the brane at z = z 0 , which is described by the action S m . Let's consider path-integral of this action. One can write down the partition function as follows. As mentioned earlier, S m is the action for the matter field confined on the brane in the RS-II model, thus if we ignore the matter action, the extremum of the RS-II model is described by following effective action,
Now, it is obvious from this equation that the RS-II model is dual to the conformal field theory coupled to gravity including higher curvature interaction. For more clear application to our paper, we use the result of [22] . Solving Einstein equation in five-dimensional AdS space, the above induced metric G µν (x, z) can be decomposed as follows.
µν (x) + z 2 g
µν (x) + z 4 log z 2 h µν (x) +
µν (x) (A.11)
If g
µν and g (4) µν are given, the other terms are determined. Here g
µν is interpreted as the boundary metric at the leading order in z 0 L and g (4) µν is closely related to boundary energy-momentum tensor. Then we may write down above effective action in terms of the boundary metric g µν and ". . ." means the contribution coming from the higher derivative correction terms. Thus we may regard the right hand side of (A.13) as an effective energy momentum tensor T ef f µν = T CF T µν + H µν + . . . , where H µν is proportional to h µν (x) in (A.11). So far, we have reviewed part of [18] and translated their results in our convention. From the result, we can read four-dimensional gravitational constant as G 4 = 2G 5 z 2 0 /L 3 from (A.12). Note that in the limit z 0 → 0, G 4 vanishes and gravity is decoupled from the field theory system. 
